ON CORRELATION FUNCTIONS OF DRINFELD CURRENTS 

ANS SHUFFLE ALGEBRAS 



B. ENRIQUEZ 

Abstract. We express the vanishing conditions satisfied by the correlation 
functions of Drinfeld currents of quantum affine algebras, imposed by the quan- 
tum Serre relations. We discuss the relation of these vanishing conditions with 
a shuffle algebra description of the algebra of Drinfeld currents. 



Introduction. This paper is concerned with the functional properties of the 
correlation functions of Drinfeld currents of untwisted quantum affine algebras. 
Let g be a simple finite-dimensional complex Lie algebra, g be its affinization 
and U q g the associated quantum algebra. We will denote the positive nilpotent 
currents of U q g by e a (z), where z is a formal variable and a is a simple root of g. 
The correlation functions of these currents are defined as follows. 

For V a highest weight module over U q g, v in V and £ in V* weight vectors, 
one considers the series 

a=l i£l a 

where the I a are the sets {1, . . . , n a }, and r is the rank of g; this series is defined 
inCf^,^ 1 ]]. 

In the classical case (q = 1), the functional properties of these correlation 
functions are the following. 

Theorem 0.1. (^) Denote by (a a p)i< a ^p< r the Cartan matrix ofg. f(z\ ) be- 
longs to C((z[ ))((^2 )) ' ' ' ((% r )); it is the expansion of a rational function in 
the (2^ )ieia f or each a, regular except for simple poles at the diagonals zf = zj^ 

for a a p ^ ; and when some zf^ meets the origin; it satisfies the vanishing con- 
ditions 

res ( a) 03) • • • res z{a)=z (p) f{zf ) )dz\^ ) ■ ■ ■ dz^J = 0, (2) 

»jV 3 l l 3 

for any simple roots a, [3, where N = l — a a p, j is some index of Ip and i\, . . . , zjv 
are N distinct indices of I a . In other words, f{zf^) has the form 

f( z i } ) = 77 7J / (a) _ (/3)} A ( z i J )' 

lla<^ lUei a jei0^ z i z j > 
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with A(z\°^) in C[z,- , z\ 1 ] zero whenever zf^ = = • • • = z\ a; ' 



%1 - a afj ' 



The vanishing conditions are consequences of the Serre relations, and of the 
identity (£, = res a /=*(^, x(z')y(z)v)dz, for x,?/ in g and x(z) the field 

associated with x. 

Our goal in this paper is to express vanishing conditions for correlators of 
Drinfeld currents, analogous to the relations (Q). We show 

Theorem 0.2. Assume that q is not of type G*2- Let q be an arbitrary nonzero 
complex number. Let d a be the symmetrizing factors of q, so that (d a a a p) is a 
symmetric matrix. Set q a = q da . The correlation function f(z\ ) defined by ffi) 
has the following properties: 

1) it belongs to C((z?))((z^))...((zS)); 

2) it is the expansion of a rational function on Wai^Y 01 , regular everywhere 

except for simple poles on shifted diagonals q^zf^ = z^ for a < (3 or a = j3 

and i < j , or when some zf^ meets the origin; it satisfies the twisted symmetry 
relations 

(<i 2 J a) - *j a) )/(4 a) ) = (4 a) - ?^f)(^ ) /)(4 Q) ), (3) 

where is the interchange of variables zf^ and z^ . In other words, it has the 
form 

f(z^ a) ) = 

Iia</3 Y\-ieI a ,j&l0,i<jiicx=p\ ( l' 



f(4 a) ) = nalLjeW*^ z f) 4( W) (4) 



where A belongs to the space of Laurent polynomials C[z^ a \z^ X ] and is sym- 
metric in the (z^ for each a; 
3) moreover, A satisfies 

A(4 a >) = when z^=qlz^ = ... = q- 2 ^z^=q-^zf\ (5) 

for any a, j3, where j belongs to Ip and the ij are pairwise different elements of 
I a . In other words, f has the form 



tt tt / (a) 

f( z ( a h = Via iU j&i a ,i<j\ z i ~ z j ) Biz^ 

rr rr r^J") _ Ki ' 

LLa<l3,a a ^0 L Li£l a ,j&Ii3,i<j if a=/3\ L l'* z i z j 



where B{z x ) is in C[z!f"\ zf^ 1 ] and satisfies (Qj for all a, (3 such that a a p ^ 0. 

1) and 2) are standard facts that are explained in sect. |I[ The proof of 3) 
(sect. |3|) rests on some delta-function identities that are established in sect. [2| 

We then discuss the relation of this result with the shuffle algebra description 
of the algebra U q n + (sect. |]). Define Sh the direct sum ® n ^rSh n , where for n = 

(jii, . . . , n r ), Sh n is the subspace of C((zi)) • • • {{zn})) formed of the elements 
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of the form where A belongs to Cfzf^, z\ 1 ] and is symmetric in the group 
of variables (z^)i E i a , for each a. Sh is endowed with the a product of shuffle 
type, which was introduced by B. Feigin and A. Odesskii (||). We show 

Theorem 0.3. There exists an algebra morphism tt from U q n + to Sh, sending 
each e a [n] to (z^) n 6 Sh$ a (here 5 a is the vector with coordinates (b~a)p = bap)- 
If q is not of type G 2 , vr maps U q n + to the subspace Sh of Sh, defined as the 
direct sum ©netr Sh n , where Sh n consists of the elements of the form (fjp ; such 
that A satisfies the vanishing conditions (Qj. 

It is natural to expect that tc is an isomorphism, so that Sh is actually a 
subalgebra of Sh. This result would probably lead to a simple proof of the PBW 
theorem for U q n + (see |], U). 



We thank E. Frenkel, who suggested that Thm. |0.2| has some connection with 
integral formulas for the qKZ equations in higher rank. We would also like to 
thank N. Andruskiewitsch and G. Felder for discussions related to this paper, and 
the FIM, ETHZ, for hospitality during the preparation of this work. 

1. Properties 1) and 2) of the correlation functions 

Recall first the presentation of the positive nilpotent part U q n + of U q Q. It 
has generators e a [n], a simple, n integer, organized in generating series e a (z) = 
'52nGZ e °<[ n \ z ~ n ' subject to the vertex relations 

(q a a af> z - w)e a (z)e p (w) = (z - q a a a,3 )e l3 {w)e a {z), (6) 

and to the the quantum Serre relations 

1 — a a/ 3 



E 

r=0 



where 



r 



Sym 2l ... 21 _ a (ea(zi) • • • e a (z r )e/3(w)e a (z r+l ) ■ ■ •e Q (^i_ a ^)) 

J 9a ^ (7) 



0, 



9 L 

q 



and [n]g = [l] q [2] q ■ ■ ■ [n] q , with [n] 



71 r, — TT, 



q -q 



Let us pass to the proof of properties 1) and 2) of the f(zf^). 
Recall that C[[zi, z^ 1 , ■ ■ ■ , z n , z~ 1 }} is defined as the space of expansions 



E 



11... Ir, 



11 



with no restrictions on the (ij). On the other hand, for any ring R, R{{z)) is 
the ring defined as the localization that is the set of formal series 

Yli£Z r i z ' '' i "where the belong to R and vanish if i is smaller than some integer. 
For Xi a sequence of generating fields, the series 

(^,xi0i) . . .x n {z n )v) (8) 
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is defined as an element of C[[zi, zj~ , • ■ ■ ,z n , z^ 1 ]]. 

Let V be a highest weight module over U q Q. V has a direct sum decomposition 
V = J2i<i Vii which makes it a graded module over U q g, endowed with the 
homogeneous gradation (where each e a [n] has homogeneous degree n). 

(H) is expanded as £\ i„ez(£> ' ' ' x n[i>n) v ) z i n ' ' ' z n %n ■ ® n the other 
hand, v belongs to some Vj. The coefficient of z^ n ■ ■ ■ z~ tn therefore vanishes if 

i n > N - j or if z n _i > N - (j + i n ),... or if i p > N - ( j + i n H h VhO- This 

means that @ belongs to C((zx)) • • ■ ((z n )), proving 1) of Thm. pT2| . 

Let now show first that it implies that f(z\°^) has the form (f|), with A in 
C[[;^- ]] [z^ 1 ]. Rename the fields and variables occurring in the definition of 
f(4 a) ) as 

f(zi, ■■■ ,z N ) = (£,xx(zi) ■ ■■x N (z N )v). 
We have the relations {q bi] z — w)xi(z)xj(w) — (z — q bij w)xj(w)xi(z) . Set for a in 

U{z\, ■ ■■ ,z N ) = (^,x a ^(z a ^) ■ ■ ■ X a ( N )(z a ( N) )v) . 
Then f a {z x , ■■■ ,z N ) belongs to C((z ct( i))) • • • ((^ ct (jv)))- Since 

Yliq^Zi-z^fizx,--- ,z N ) = Yl ( Z i-Q biiz j) II (Q b ' Jz i- z j)fA z u--- , z n), 

i<j a{i)>a(j) a{i)<a(j) 

Yli<j(.Q bij z i~ z j)f( z i> " ' ' j z n) belongs to the intersection of all the C((z a ^)) ■ ■ ■ ((z a ( 
with cr in S n , which is C[[zi . . . zn]][zi 1 . . . z N x ]. Therefore f a ( z i, •• • , z n) has the 
form 

, ( s B(zx, ... ,z N ) 



Y[i<M biiz 



<j\<i "-t Z 3 



with B(zi, . . . , zn) in C[[zi . . . zn]][ z i •••-%] (expansion for zn << zn-\ « 



Now U a <pUiei a j€W<jiia=^ a0 4 a) ~ z r^f^ z i a ^ is totall y antisymmetric in 



each group of variables (z\ )i^i a , for each a, which implies that B has the form 

( (a) _ (c 



- *¥)M&\ with a(z^) in q^]^- 1 ]]. 



Then the fact that £ has fixed homogeneous degree implies that f{z ( f ) ) has 
a fixed total degree in the variables z\ . It follows that A has also a fixed 
total degree in these variables. Write A{z\ a) ) = A^^z^p , the A\if] 

therefore vanish unless the sum of all is equal to a fixed number; they also 

vanish unless the ij are greater than a fixed number, which implies that all but 

finitely many vanish. This means that A belong to C[z^ a \ z\ therefore 

proving Thm. p.2| , 2). 
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2. Delta-function identities 



The proof of Thm. p.2| , 3), relies on the following combinatorial identities. Here 
and below, we use the convention that = J2 i>0 w t z~ l ~ 1 and define 8(z,w) as 
y^ ;cT z l w~ 1 " 1 . We have 5(z,w) = — — I — — . 



Proposition 2.1. We have for m = 1, 2 the identity 

m r- 

\ - m + 1 

& y m zi... Zm+ i k 

L J q 

1 



fc=0 



(q- m Zi -w)--- (q- m z k - w)(q-' m w - z k+1 ) ■ ■ ■ (q- m w - z m+x ) H i<j {q 2 z i - Zj) 
= q m Sym Zi ... Zm+i 8(w, q~ m z 1 )5(z 1 , q 2 z 2 ) ■ ■ ■ 5(z m} q 2 z m+l ), 

where we set 

Sy m 2l ... Zm+1 f(Zl, ■ ■ ■ ! Z m+ i) = f(z a (l), ■ ■ ■ , Z^rn+l))- 

Proof of Prop. |IO|. In the case m = 1, the left hand side of ( j2.1|) is 

lhs(w, Zi, Z2) = 

J / 2:1 — 2:2 / _n ^1 — ^2 



q 1 w- zi \(q 2 z 1 - z 2 )(z 1 - z 2 ) 
Z\ - z 2 



- (q + q' 1 ) 



(q 2 z 2 - z x ){q l z 2 - qz x ) 



+ 



(q 2 z 2 - z 1 ){z 1 - z 2 ), 

1 ( z\- z 2 



q 1 zi - w \(q 2 z l - z 2 )(q 1 z 2 -q 1 z l ) 
z\ - z 2 



T^ + il + l' 1 ) 



Z\ - z 2 



(q 2 z l - z 2 )(q 2 zi - z 2 ) 



(q 2 z 2 - zx){q 1 z 2 - q l z l ) 
+ {z\ <-> z 2 ), 

that is 

I (—± (g + g -l) l — 

q 1 w - Zi \q 2 z 1 -z 2 (q 2 z 2 -Zi)(q 1 z 2 -qz 1 ) q 2 z 2 -z l 



+ 



1 



1 



q x z\ — w \ q 2 z\ — z 2 



+ (q + q~ 1 ) 



zi - z 2 



+ q- 



+ [Zl <-> z 2 ) 
Now 



z\ - z 2 



(q 2 z 1 - z 2 )(q 2 2i - z 2 ) q 2 z 2 - z x 



1 1 

+ 



(q 2 z 2 - zi)(q- 1 z 2 - qzi) q 2 + 1 q 2 z 2 -z 1 z 2 ~q 2 z\ 
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and 



zi - z 2 <f , 1 1 



(^ 2 2i - 2 2 )(g - z 2 ) q 2 + 1 <? 2 zi - ^2 ^i-? 2 ^' 
so that lhs(w, Zi, z 2 ) is equal to 

1/1 1 \ 1/1 I 



q x w — z\ \q^z 1 -z 2 z 2 — q*Z\J q ^Z\ — w \q*z 2 -z 1 Z\-q*z 2 
+ (zi <-> z 2 ), 

or 

— 5(q 2 z 1 ,z 2 ) + q— S(q 2 z 2 , z x ) + (zi <-> z 2 ), 

q 1 w — Z\ q 1 Zi — w 

which is 

q8(w, qz 1 )5(q 2 zi,z 2 ) + q5(q~ 1 z 1 ,w)5(q 2 z 2 , z x ) 

that is the right side of fl2.1|) . 

In the case m = 2, we expand the left side of (|2.1|) as 

3 1 3 1 

-Z5 fi(zi,Z 2 , Z 3 ) + ^ o *2> 2a). (9) 

q~ 2 Zi — u; q~ z w — Zs 

i=i * 1 i=i * 1 

Then fi(z 2 , z 2 , z 3 ) is expanded as 

1 1 1 

h(z 2 , zs) + — h 2 (z 2 , z 3 ) + -5 h(z 2 , z 3 ) + (z 2 <-> z 3 ). 



q 2 Zi - z 2 ' q~ 4 zi - z 2 ' q 2 z 2 - z 1 

We then compute 

h 1 (z 2 ,z 3 )=0, h 2 (z 2l z 3 ) = q~ 2 5(z 3 ,q 2 z 2 ), h 3 (z 2 , z 3 ) = q 2 5(z 2 , q 2 z 3 ), 
so that 

fi(zi,z 2 , z 3 ) = (—7- Q~ 2 $(z 2 , q 2 z 3 ) 



q 2 Z\— w q " Zi — w \q ~*Z\ — z 3 



q 2 z 2 - z l 



q 2 5(z 2 ,q 2 z 3 ) + (z 2 «-> z 3 ) 



q 2 Z\ — w 



q 2 S(z 1 ,q 2 z 2 )5(z 2l q 2 z 3 ) + (z 2 «-> z 3 ). 



It follows that the terms associated with % = 1 in (|9]) are equal to 

g 2 5(w,g _2 2;i)5(2;i,g 2 2;2)^(2 ; 2,g 2 ^3) + O2 <-> 23)- 

Adding up the contributions of all % we find that the left side of Q2.1J) is equal to 
its right side. □ 

Remark 1. It is natural to expect that identity ( [2.1| ) is valid for any m. For 
m — 3, this would imply the statement of Thm. |0| also for g of type G 2 . 
Identity ( |2.1| ) implies the combinatorial identity (6.1) of ||. 
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3. Vanishing properties of the correlation functions 
Let us now show that identity ( |2.1|) imply Thm. |0[^, 3). 

This statement is nonempty only if N a > 1 — a a p and Np > 1. If a a p = 0, the 
commutation of e a (z^) and ep{zf^) implies that zf^ — Zj divides A(z^). 

Assume that a a p is equal to —1 or —2. Set z^ = z\ a \ for % = 1, . . . , 1 — a a p and 
w = z[® . Denote as YliLi e on{z'i) the product 

n e a (^)He,(zf) n 

i>l—a a/ 3 i>\ y^a,0 i£l-/ 



and set 



and 



N 

i 

V 



Zi~ Zi T-r W - Z' -i-r Z' - Z[ 



J 



P= TT 1 1 TT T\ 

11 q (<xm) Zi - z ' 11 q Wm) w - z > 11 q (^^j) z ' - z'- ' 

i=l...k,j=l...N' y 3 i=l 1 l<i<j<N> H 1 1 

where we denote by (a, /?) = d a a a/ 3 the scalar product of two simple roots. P 
belongs to C[[ Zi , • • • ((z' N ,)). 

Then we have for any k — 0, . . . , 1 — a aj 3, 

(£, z a {z\) ■ ■ ■ e a (z k )ep(w)e a (z k+l ) ■ ■ ■ e a { Zl - a<xg )v') 



A(z^) n _ 



'-D k TT (w-z-) p K i ' TT 

4 ti nL^^-^n^c?^-^)^.^* 



[equality in C{{z x )) ■ ■ ■ ((z k ))((w))((z h+1 )) ■ ■ ■ (( Zl - a J)((z[)) ■ ■ ■ ((z' N ,))]. 

The quantum Serre relation (7) implies that (£, left side of relation (7) v') is 
equal to zero. ( |2.1| ) implies that this relation is written as 

P ■ ( S y m 2l ,... ,zi-a a0 q*^ 2l)<*(zi, ll Z 2) ■ ■ -KZ-a a ^qlzi-a a S) M^) = ' 

This implies that the product of the last two terms is itself equal to zero. But the 
product of A(zf l ) with each delta-function is the product of this delta-function 
and of a function depending only on the z[ and w. Since the delta- functions are 
linearly independent, the evaluation of A(z^) on each variety z^L = (fcz^L = 

■ ■ ■ = Q a 2aal3 z^]_ n \ = q a aap zf^ is zero. Since A is symmetric in the group of 

variables zf 1 , this is equivalent to the conditions of Thm. |072|, 3). This completes 
the proof of Thm. p.2[ 



Remark 2. Conditions (B) were obtained in |2j in the case where g = sl n and 
V is integrable, using products of Frenkel-Kac realizations. In that case, the 
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correlation functions (0) have other functional properties that were studied in 
that paper. 

4. Application to functional description of U q n+ 
In this section, we prove Thm. |(P| . 

Define dual Hopf algebras (U q b±,A±) as follows. U q b + has generators e a [n], 
n G Z and K+[n},n > 0, JT+fO] -1 , generating series e a (z) = Yln& e <x\p\ z ~ n ■> 
K a( z ) = J2n>o K a[ n ]z~ n , relations (@) and 

[K+[n],K+[m]] = 0, 

and 

K{z)e,{w)Kt{zr = li~C-Z ef3{w); 

(expansion for w << z); the coproduct is defined by 

A+(K+(z)) = K+(z) ® K+(z), A+(e a (z)) = e a (z) ® + 1 ® e a (*). 

l/qb_ has generators / [n], n £ Z and n < 0, i^fO] -1 , generating series 

fa(z) = Y.n&fo\n]z- n , K~(z) = En^^l"' 1 ] 2 "- relations © with q replaced 
by q~ x between the f a (z) and 

[K-[n],K p [m]] = 0, 

and 

K-{z)f p {w)K-{z)- x = -J- f p {w); 

(expansion for z << w); the coproduct is defined by 

A_(K-(z)) = K~{z) K-(z), A_(/„(*)) = f a (z) ® 1 + K~(z)~ l ® f a (z). 

So f/ 9 b± are the usual opposite Hopf subalgebras of the new realizations algebras 
(||), where the quantum Serre conditions are not imposed. The following result 
can be viewed as an infinite-dimensional analogue of results in || . 



Proposition 4.1. We have a Hopf algebra pairing between (U q b + , A+) and (U q b~, A'_) ; 
defined by 

(K+(z),Kp(w)) = -t-j, , (e a [n\, f p [m}) = 5 a(3 5 n+mfi 

q> > z — w 

(expansion for w « z). The ideals defined by the quantum Serre relations are 
contained in the radicals of this pairing. 

Proof. The verification of the first statement is standard. To show the last 
statement, let us compute the pairing of the Serre relation (7) with any element 
of U q b_. U q b^ has a gradation by the root lattice of jj, defined by deg(/ a [n]) = a 
and degK a [— n] = 0. Then the pairing of the left side of (7) can be nontrivial only 
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against an element of degree (1 — a a p)a + (3. Translating the Cartan modes K a [n] 
to the left of the f a> p[<p), we have to compute for any k, and 4>i,t/j in C[z, -z -1 ], 

(left Side Of (7),/„[0i] ■ • • f a [<pk)ffibP)fa[4>k+l] ■ ■ ■ fa[4>l-a a8 ]) ■ (10) 

Denote by L m (zi, • • • ,z m+1 ,w) the left side of identity (|2.1|) , with q replaced 
by q^ 1 , viewed as a rational function and expanded for z\ » z 2 » ■ ■ • » 
z m+ i » w. We find that (pTOj) is equal to 

M*i)'''<l>i^(*i^WWi[(q M *i-w) II (i (a ' p)w - z i) 

t=l i=fc+l 

On the other hand, from [§] follows that L m (zi, ■ ■ ■ , z m+ i, to) is identically zero (as 
a rational function, and therefore as a formal series in C((zi)) • • ■ ((z m+ i))((w)). 
It follows that (|10D is zero. In the same way, one shows that the quantum Serre 
relations of U q b_ are in the radical of the pairing. □ 

Corollary 4.1. The coproducts A± induce Hopf algebra structures on the quo- 
tients U q b± of U q b± by the ideals generated by the quantum Serre relations. 

Then 

Proposition 4.2. The direct sum tt of the maps Tc n from U q b + to C[[z^ a \ zf^ 
defined by n n (x) = {x, YY a =i YYi=i fai^)) induces a linear map ir from U q b + to 
Sh; if q is not of type G2, the image of n is contained in Sh. 

Proof. The Hopf pairing rules and the commutation relations imply that 7r n 
defines a linear map from U q b + to C^z^)) ■ ■ ■ {{zn})). Crossed vertex relations 
allow to apply the reasoning of sect. |l]to prove exchange relations, which imply 
that the image of n n is contained in subspace of elements of the form (|4|), with 
A in C[[z t ■ ]][zt A degree argument can be used as in sect. [1] to show that 
A belongs to C[z t - , z\ 1 ]. Therefore tt maps U q b + to Sh. Since n sends the 
radical of (, ) to zero, it induces a map it from U q b + to Sh. 

If g is not of type G2, we can then follow the reasoning of sect. |3| to show that 
A satisfies which shows that the image of tt is contained in Sh. □ 

Define the shuffle product on Sh by the following rule. Let / and g belong to in 
Sh n and Sh m . Set z% = z[ = z 2 , etc., z ni + mi .\ — hn Q -i+m a -i+* = z \ ^ f° r * = 
1, . . . , n a +m a , z N+M = z^ +mr ; we set N = Yh=i n ^ M = SI=i m i- We associate 
"colors" to the variables Z{ by the rule a{%) — a if % — n 1 +m 1 +- ■ ■+n a _ 1 +m a _i+i, 
i = 1, • • • , n a + m a . Let M n m be the set of bijective maps from {!,... ,N + M} 
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to itself, such that for each a, we have 

q— 1 a a— I a 

{^(rii + mi) + 1, . . . , J^Oi + m { )} = <r({^ n< + 1, . . . , raj) 

i=l i=l i=l i=l 

a— 1 a 

U(7({JV + 5^7^ + 1,... + 

i=l i=l 

and cr(z') < a(j) if z < j and z, j both belong to some rii + 1, . . . , Yli=i n «) 



or {iV + Ylt=i + 1, • • • , AT + 52iLi m «}- Then the product f * g is defined i 



m 



? (a(0,a(j)) z . _ 



<r€M n , m i<j>- 1 (i)><r- 1 (i) I 11 ) 

ct(JV+1) j • • • j ^a(N +M) ) ■ 

Note that each summand in the right side belongs to C((jzi)) • • • ((zn+m)), because 
the prefactor cancels poles in / or g. 

Remark 3. M nm is isomorphic to the product Yii=i s ^ l n i ,m i i where sh n>m is the 
set of shuffle maps of the pair of sequences ((1, ... , n), (ra + 1, . . . ,ra + m)). 

Remark 4. The product (11) is a transcription of the shuffle algebra structure 
(FO,*) defined in The isomorphism i from Sh to FO is given by the formula 

i{f){zi, ... , z N ) = [[ - — — l f{zi, ... ,z N ). 



i<j 



Zi Zj 



Proposition 4.3. For q arbitrary, n is a morphism of algebras from U q n + to 
Sh, endowed with the shuffle product (11). 

Proof. It suffices to see that n is an algebra morphism. It is clear that tt maps 
e a [n] to the element (z^) n of Sh$ a . So we should check that tt maps the crossed 
vertex relations to zero. This is an easy computation, relying on the equalities 

(z (a) ) n * (z {l3) ) m = (z ( - a) ) n (z w ) m 



and 



for a < (3, and 



q (a,f3) z (a) _ Z {P) 



(z^r * (z {a) ) n = — r^™(z (a) r(^) m , 



( z ^) n * (z^r = (4 a) ) n (4 a) ) m + q2 ° Zl / 2 (4 a) ) w (4 a) ) 



z\ - qlz 2 



□ 
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Remark 5. Conditions (||) appeared in || in an elliptic situation and the st n case 
as a substitute to quantum Serre relations. 
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